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Abstract. We have used linear stability analysis to study the depinning of an elastic chain with long
range interactions submitted to a random pinning potential. In this paper, we provide, for the first time,
evidence of a pronounced change from a strong pinning regime to a weak pinning regime. This change
depends on the strength of disorder, and takes place only in finite size systems. For a given disorder, we
show a characteristic length separating the weak pinning regime from the strong pinning regime. This
length depends on the long range of the algebraic decay of the elastic couplings. The weak pinning regime
is very well described by perturbation theory. As an example, we discuss more specifically the case of
wetting of heterogeneous surfaces, where the change from a strong to a weak pinning regime could be
induced in the wetting front by varying the surface tension of the liquid-air interface.

PACS. 05.10.-a Computational methods in statistical physics and nonlinear dynamics – 68.08.Bc Wetting
– 02.50.Fz Stochastic analysis

1 Introduction

Pinning of elastic media can be used to describe vari-
ous physical situations such as roughening of crack front
in fracture [1,2], wetting front motion on heterogeneous
surfaces [3–16], dynamics of a ferromagnetic domain wall
driven by an external magnetic field [21], motion of vor-
tices in type-II superconductors [22], or even solid fric-
tion [23–28]. In all of these cases, the complex dynamics
of the system results from the competition between an
elastic restoring force (such as capillary forces in wetting)
and a non-linear pinning force (due to heterogeneous con-
tact surfaces for example). The latter contribution is of-
ten described by a quenched, time-independent, disorder
term that gives rise to a so-called deterministic noise. This
noise is part of the permanent forces acting on the system,
even at zero temperature. It is not a thermal noise. It has
been shown [29] that this zero temperature noise cannot
be mapped to a simple Langevin force, but is responsible
for memory effects [30], giving rise to a situation that can-
not be described simply by the usual statistical theory [30]
(due to temporal correlations). One crucial point is indeed
to understand in which order the system reaches or leaves
the successive equilibrium positions, taking into account
the external deterministic driving.

Various theoretical approaches have thus been pro-
posed to describe the stationary state of an elastic medium
driven quasistatically at zero temperature in a random
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potential. Perturbation and variational theories used in
references [5,20,22], or renormalisation group calcula-
tions [16–19] consider the disorder term as a perturba-
tion. This should a priori correspond to a situation where
the pinning is weak, and the straight line is then usually
chosen as a reference state. In numerical studies on the
contrary [15,31], the disorder is strong in order to allow
the use of local algorithms such as cellular automata. The
resulting stationary state of the elastic system is not the
same in both cases. In the strong pinning case, the dynam-
ics of the system, when it is driven, is localized around
very few pinning centers. But in the weak pinning case,
the system may advance as a whole. More phenomenolog-
ical studies propose to describe the elastic system driven
on the pinning surface as a set of blocks advancing co-
herently. This description was first proposed by Larkin
and Ovchinninkov [22] in the context of type-II supercon-
ductors. One of the very interesting consequences of this
description was the ability to relate the critical current
of the superconductors to the size of the correlated vol-
ume taking place in the elastic lattice of flux lines. This
kind of description has also been used in the context of
solid friction [23–27] but without any strong experimen-
tal evidence. Finally, Joanny and Robbins [13] have pro-
posed to describe the stationary state of the system as a
set of blocks weakly pinned at small scales (where elastic-
ity would be dominant) but strongly pinned at large scale
(where disorder would dominate). The characteristic size
separating the two regimes would correspond precisely to
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the Larkin length [22] of the correlated volume, and each
regime would be characterized separately by a roughness
exponent. Originally, the Larkin length [22] is defined as
the characteristic length beyond which the fluctuations of
the displacement field become larger than the typical size
of a pinning center. Nowadays, it is not clear whether such
a correlation volume would result from finite temperature
effects as in reference [20], or from the deterministic dy-
namics of the elastic medium on the disordered surface.

In this paper, we study the case of a one-dimensional
elastic line driven at zero temperature on a pinning sur-
face. One related physical situation is the case of wet-
ting of heterogeneous surfaces, where the elastic line is
the contact line and the disorder is due to chemical het-
erogeneities or to the roughness of the heterogeneous solid
substrate [3–7]. Depending on the geometry of the system
(free surface or Hele-Shaw cell [3,33] for example), the
elastic couplings may be long-range or short-range [3]. In
the following, we will use the exponent of the algebraic
decay of the couplings as a parameter. The size of the sys-
tem (or the density of the pinning centers) will be another
parameter, as well as a dimensionless parameter G char-
acterizing the surface tension to pinning ratio. We do not
consider here the possible role of anisotropy [32], since
each point of our line is allowed to advance only in the
perpendicular direction. For sake of simplicity, the possi-
bility of surrounding the defects in wetting [33], is thus
not allowed here.

The questions we address are: Is it possible to define
properly a characteristic change from a weak pinning to a
strong pinning regime? How does this change depend on
the control parameters listed above? And does the critical
size correspond particularly to the Larkin length?

In order to answer those questions, we have done a sta-
bility analysis of our system. It is now well known that,
when it is driven quasistatically, an elastic system can dis-
play instabilities [3–7,18,23–28] during which it dissipates
energy [3,23]. This is one of the manifestations of its possi-
ble multistability: the system goes from one local equilib-
rium position to another, following an out-of-equilibrium
path. In the case of wetting of heterogeneous surfaces, this
dissipation of energy is related to the well known hystere-
sis of the contact angle [3–7]. Few authors [22–25] have
proposed to relate the size at which the system becomes
unstable to the Larkin length. Experimentally, it has been
shown that the hysteresis of the contact angle depends
strongly on the density of the pinning centers [6–8], with
a regime at very low density where each center contributes
independently to the hysteresis, and a non-linear regime at
higher densities that can be explained only by collective ef-
fects. However, despite isolated claims [13,22,23], the crit-
ical density (or critical size) at which this transition occurs
has never been related precisely to a characteristic length
along the wetting front itself. The morphology of the con-
tact line has been measured by several groups [9–12], giv-
ing rise to a description in terms of roughness exponent.
In this paper, we will compare the morphology of the line,
when it becomes unstable, to the characteristic size at
which instability occurs.

The paper is organized as follows: In Section 2, we
will define our system and describe the stability analysis
used as a starting point of our study. In Section 3, we
will provide numerical evidence of a pronounced change
from a weak to a strong pinning regime and characterize
the morphology of the line in both regimes. We will also
study numerically the finite-size dependence of this tran-
sition. In Section 4, we present a perturbative calculation
whose results are in very good agreement with those ob-
tained numerically in the weak pinning regime. Section 5
is devoted to the conclusion.

2 Instability criterion

In case of the spreading of a liquid on a solid surface [3,4],
pinning comes from the inhomogeneities of the contact
surface. In this case, the solid-vapor and the solid-liquid
surface tensions are modulated in space and the pinning
energy may be written as

Vp = −
∫ L

0

dx

∫ u(x)

0

dy (γSV (x, y) − γSL(x, y)) (1)

where γSV (x, y) and γSL(x, y) are spatially varying solid-
vapor and solid-liquid surface tensions, L is the size of the
contact line, and u(x) its position on the pinning surface
(see Fig. 1). Another energy term comes from the increase
of the area of the liquid-vapor interface due to the distor-
tions of the contact line. Together with the gravitational
energy, this gives rise [6] to a long range elastic force along
the front, acting on x:

Fel(x, u(x)) = −G
∫ L

|x−x′|≥d

dx′ u(x) − u(x′)
|x − x′|α + Ku(x),

(2)
where the first term on the right hand side is the transla-
tionally invariant component, and Ku(x) is the remainder.
The exponent of the algebraic decay, α, corresponds to
β + 1 of references [16–19] where the elastic couplings are
defined in the Fourier space, for 1 < α < 3. The case α < 1
gives rise to large scale singularities, in which case equa-
tion (2) can be rewritten as K ′(L, α) (u(x) − 〈u〉)+Ku(x).
This corresponds to the mean field case studied in the next
paragraph, but with the stiffness K ′(L, α) dependent on
the size. d is a small distance cut-off that we will choose
to be equal to the distance between pinning centers, and
in the special case of wetting [6]

• α = 2 and G = γL sin2 θ/π, if d < |x−x′| < κ−1 (κ−1,
capillary length)

• α = 0 and G = γκ sin2 θ, if κ−1 < |x − x′| < L.
• Laplacian couplings (or equivalently harmonic near-

est neighbour couplings in discrete systems) in a Hele-
Shaw cell [3,33] where the liquid is confined between
two plates, at distances larger than the thickness of
the cell.

Note that in other cases of pinning of elastic media like
in crack propagation [1], the term Ku(x) can be ignored.
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Fig. 1. Geometry of wetting. u(x) is the position of the con-
tact line on the pinning surface. We use periodic boundary
conditions in the x-direction.

As will be seen later, it contributes only to the average
(mean field) motion of the front. We will thus denote as
elastic forces only the translationally invariant term in
equation (2). The remainder will be included in the ex-
ternal driving. Note also that the case of a purely con-
stant external driving (with stiffness zero) is meaningless
in practical situations. Assuming that the motion of the
contact line is overdamped, the equation of motion thus
reads

η
∂u(x, t)

∂t
= −∂Vp

(
x, u(x, t)

)
∂u

− G
∫ L

d

dx′ u(x, t) − u(x′, t)
|x − x′|α

+ Fext(u(x, t), t). (3)

A quasi-static solution ueq(x, t) is given by the condi-
tion ∂u(x, t)/∂t = 0. Unlike any equilibrium position,
the quasi-static solution results from a given succession of
equilibrium positions [34], depending on the driving mode.
In the following, we will see how the contact line departs
from its initial equilibrium position, in a quasi-static way.

Let us first study the instructive case of a rigid line
driven at velocity v by a spring of stiffness λ. The corre-
sponding equations are the same as in the well known case
of a single defect [3,7], because in this case the elastic force
applied by the line on the defect is simply proportional to
the distance between the defect and the position of the
line at large distances. It is characterized by a constant
stiffness. This situation also corresponds to the mean field
case studied in reference [18]. In these cases, equation (3)
reads

η
du

dt
= −V ′

p(u) + λ(vt − u). (4)

The quasi-static solution ueq is given by

−V ′
p(ueq) + λ(vt − ueq) = 0. (5)

It can be solved graphically as in Figure 2 where F (u) ≡
−V ′

p(u). When the stiffness λ is weak, the solution is multi-
valued. The solution ueq becomes unstable when the stiff-
ness λ and the tangent to the pinning force are equal, that
is

V ′′
p (ueq) + λ = 0. (6)

This corresponds to the spinodal limit, after which the
system will follow an out-of-equilibrium path and dissi-
pate energy before it reaches the next stable equilibrium

Fig. 2. Graphical construction of the equilibrium position ueq

in the one defect case. The gray area is the hysteresis cycle
corresponding to the hysteresis of contact angle in wetting.

position. In wetting, the energy dissipated during a com-
plete cycle corresponds to the macroscopic hysteresis of
the contact angle [3,7].

In the general case of a deformable line on many de-
fects, the instability criterion (Eq. (6)) is obtained by a
linear stability analysis. Starting with an equilibrium con-
figuration (or quasi-static solution) ueq(x, t), we can ask
whether a small perturbation δu(x, t) ≡ u(x, t)− ueq(x, t)
would be amplified with time. Writing

δu(x, t) = δU(x)e−ωt (7)

and using equation (3), we get to the first order in δU

ηωδU(x) =
∂2Vp

(
ueq(x)

)
∂u2

δU(x)

+ G
∫ L

d

dx′ δU(x) − δU(x′)
|x − x′|α + KextδU(x). (8)

where Kext ≡ −∂Fext(ueq(x))/∂u is the external stiffness
– eventually taking into account the non-translationally
invariant part of Fel(x) (Eq. (2)). Equation (8) can be
solved easily by discretizing the line in N sites xi with
Nd = L. We get for each site

ηωδU(xi) = ΣjAijδU(xj) (9)

where Aij are the coefficients of the dynamic matrix A

Aii ≡
∂2Vp

(
ueq(xi)

)
∂u2

+ G
N∑

j=1

d
1

|xi − xj |α + Kext (10)

Aij ≡ −Gd
1

|xi − xj |α , for i �= j.

ω and δU(x) are an eigenvalue and the associated eigen-
vector of A respectively. δU(x) characterizes the shape of
the line when it relaxes to its equilibrium position (ω > 0),
or when it leaves its equilibrium position (ω ≤ 0). ω is the
inverse of a relaxation time. −ωδU(x) is the velocity field
of the instability. In this paper, we will consider only the
most unstable mode (i.e. with the largest relaxation time).
We thus restrict our study to the minimum eigenvalue
ωmin of A. For a given ueq, the instability corresponds to

ωmin ≤ 0. (11)
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In the following, we solve equation (9) numerically
by using the exact diagonalization recursive scheme EIS-
PACK [35] in Fortran. For large sizes (N > 64) we
use the ARPACK algorithm and its parallel version
PARPACK [36] based on the Arnoldi Approximation. Pin-
ning forces are chosen randomly: V ′′

p (ueq) is a random
white noise [37] of zero mean between −1/2 and +1/2
whose variance W is fixed (W = 1/

√
12). The dimen-

sionless parameter characterizing the elasticity to pinning
ratio is

G = Gd1−α/W.

We call this the dimensionless surface tension. Large dis-
order would correspond to small G. We will now show how
the characteristics of the instability depend on G, as well
as on the system size N .

3 From weak to strong pinning

Let us first vary the dimensionless surface tension G. In
the limit G → ∞ the line is infinitely rigid and moves
as a whole. Equation (6) holds for the whole line with
the average pinning 〈V ′′

p 〉. In the opposite limit G → 0,
each site moves independently and equation (6) holds, but
for each site independently. In this case, the eigenvector
of A associated with the smallest eigenvalue ωmin is thus
peaked around the site xi0 with the smallest V ′′

p (xi0). This
situation corresponds to the strong pinning case, while the
former case is the weak pinning limit. To study the change
from the strong to the weak pinning regime, it is useful to
consider the participation ratio

τ =
1
N

( ∑N
i=1

(
δU(xi)

)2
)2

∑N
i=1

(
δU(xi)

)4 . (12)

The parameter τ measures the relative number of sites im-
plied in an instability. In the strong pinning limit where
only one site moves, we get τ = 1/N . In the weak pinning
limit, where δU(xi) ∝ 1/

√
N , τ = 1. This parameter τ

has also been used in the study of localization [38]. We
will use it here to study the change from the strong to the
weak pinning regime. For a given configuration of the dis-
order, we compute numerically τ(G). The result is shown
in Figure 3 for N = 128 and for various couplings α.
We show clearly in this figure a well-defined transition
between the strong pinning regime (at small G) and the
weak pinning regime (for large G). For each configuration,
the critical Gc is uniquely defined as the maximum of the
derivative dτ(G)/dG. We see also in this figure that Gc is
an increasing function of α for a given size N and a given
configuration: this means that for long range couplings it
is easier to reach the weak pinning regime than for short
range couplings. But it is difficult to give more quantita-
tive results at this stage, because Gc varies strongly from
one configuration to the other.

We have thus studied more precisely the statistical dis-
tribution of Gc and its dependence on the system size, for

Fig. 3. Participation ratio versus dimensionless surface ten-
sion G. The peak in the derivative indicate the critical value
Gc of the transition from strong to weak pinning.

various integer couplings α. We plot in Figure 4 the dis-
tribution of the critical value Gc of the transition. This
figure has been obtained with 5 000 different configura-
tions of disorder. We see that for α ≤ 1 the transition
is very well defined for large size systems (N > 128). In
contrast, for α > 1, the distribution becomes larger as the
system size N increases. As can be seen in Figure 5, the
variance of the distribution increases exponentially with
the system size. Thus the change from the strong to the
weak pinning depends strongly on the configuration of dis-
order when the elastic couplings are short range (α > 1),
even for large system sizes.

Moreover, the average value of Gc also depends on the
system size. We have plotted in Figure 5 the average value
of Gc. The error bars correspond to the variance of the dis-
tribution. This figure can be seen as a phase diagram. It
allows us to separate two phases. For a given dimension-
less surface tension G, the system can go from one pinning
regime to the other when increasing its size. For example,
when α < 1, the pinning is weak for large sizes and strong
for small sizes. When α > 1, the pinning is strong for large
sizes, and weak only for small sizes. We can thus define a
critical length Lt(G), below which the pinning is weak, and
beyond which the pinning becomes strong. Equivalently,
for a given size N the pinning is weak at large G > Gc

and strong elsewhere. It is interesting to mention that, for
a given G and very large systems, the pinning is weak if
the couplings are long range (α ≤ 1), but it is strong if
the couplings are short range. The critical value αc = 1
is different from the value below which disorder would
be irrelevant after renormalisation (αc = 1.5) [16,18,19].
This difference could be explained by the fact that we do
not take into account here the cumulative effect of dis-
order during the motion of the system. We can indeed
propose a qualitative explanation to understand the scal-
ing law Gc(L) of the separation between the two regimes.
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(d) (e)

Fig. 4. Distribution of the critical value Gc of the transition. (a): For α = 0 and N = 16, 32, 64, 128. (b): For α = 1 and
N = 16, 32, 64, 128. (c): For α = 2 and N = 16, 32, 64, 128. (d): For α = 3 and N = 16, 32, 64, 128. (e): For nearest neighbour
couplings, same sizes. The thick black lines correspond to the largest size N = 128.

In Figure 5, the size dependence of the critical Gc seems
in agreement with the scaling law

Gc ∝ Lα−1. (13)

This can be explained by comparing the pinning energy on
each site (Vp ∝ Wd2) with the long wavelength contribu-
tion to the elastic energy on each site (Vel ∝ γd2(L/d)1−α

for a typical distortion of size d, and wavelength L/d).

When α ≤ 1, the elastic energy dominates at large scales
and pinning is weak. When α > 1, the pinning energy
dominates at large scales: pinning is strong. By compar-
ing Vp to Vel, we get the scaling of the critical surface
tension Gc, equation (13), in agreement with the qualita-
tive behaviour observed numerically in Figure 5. In case
of nearest neighbour couplings, we can compare this crite-
rion to the Anderson criterion of localization as presented
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(a) (b)

(c)

(d) (e)

Fig. 5. Average critical value Gc of the surface tension as a function of the system size for α = 0, 1, 2, 3, nearest neighbour
couplings. The error bars correspond to the variance of the distribution. The point for N = 1024 has been obtained with an
average over only 100 configurations. The dashed line is a fit ∝ Nα−1.

by Ziman in his book [38]: G < 1/4e. There is no size
dependence in the Anderson criterion. It appears to un-
derestimate the average value of Gc that we have obtained
numerically in our system, as can be seen in Figure 5e.

To further characterize the transition, we have studied
more precisely the shape δU(x) of the front in each side
of the transition. Figure 6a shows the normalized veloc-
ity field of the instability in the strong pinning case. In

this case, it is possible to define a characteristic length
along the front by studying the correlation function of the
velocity field

C(r) ≡ 〈δU(0)δU(r)〉0.
Some correlation functions are presented in Figure 7 for
G < Gc. When G 
 Gc, C(r) decays exponentially.
It is thus possible to define a characteristic correlation
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Fig. 6. Examples of displacement field for L = 1024 and α = 2. Left (a): in the strong pinning regime (G/Gc = 0.1). The front
is correlated over a length Lc (see Fig. 7). Right (b): In the weak pinning regime (G/Gc = 100). The front is rough. It advances
as a whole. Inset: Log-log plot of the power spectrum of the displacement field in this case, averaged over 10 configurations.
The slope is −2. It corresponds to a roughness exponent ζ = 0.5 for α = 2.

Fig. 7. Normalized correlation function C(r) ≡ 〈u(r) ·
u(0)〉0/〈u(0)2〉0 of the displacement front for various dimen-
sionless surface tension G/Gc = 1/30, 1/6, 1/3, 1/2, 2/3, 5/6, 1.
Here with α = 2 and L = 1024. Inset: Correlation length Lc-
defined by the slope at the origin r = 0 of C(r) in the strong
pinning regime versus surface tension G, for L = 1024 and
α = 2, 2.25, 2.5, 2.75, 3. Here both quantities have been nor-
malized as (L∗

c −Lc)/L∗
c for the vertical axis and (Gc −G)/Gc

for the horizontal axis. L∗
c (α, L) is the correlation length at

G = Gc. It can be seen that all curves for 2 < α < 3 superim-
pose.

length Lc by the slope of the tangent to C(r) at the origin
r = 0. When G → G−

c , Lc tends to a finite value Lc∗ of the
order of the system size. The inset in Figure 7 shows that
Lc depends linearly on the surface tension G. Together
with the scaling of equation (13), we thus obtain the scal-
ing Lc ∝ L∗

c(L)G(L/d)1−α for the correlation length.
The correlation function C(r) is quite different in the

weak pinning case. In this case, as soon as G > Gc, the

0 1 2 3 4

α

-0.5

0

0.5

1

1.5

2

ζ

Numerical data
Theoretical estimate

(N.n.)

Nearest neighbor couplings

Fig. 8. Roughness exponent ζ, in the weak pinning regime,
versus the range of coupling α. The line corresponds to the
theoretical estimate obtained in three different regions: ζ =
(2α − 3)/2 for 1 < α < 3, ζ = −0.5 (white noise) for α < 1,
and ζ = 1.5 for α > 3. There are logarithmic corrections, not
mentioned in this figure, in the theoretical estimate for α close
to 1, and α close to 3.

power spectrum of δU(x) displays a characteristic power
law behaviour that prohibits us from defining any charac-
teristic length along the front (despite d and L). It is only
possible to define a roughness exponent ζ such as

C(r) ∝ r2ζ . (14)

Figure 8 shows the dependence of ζ (measured in the
power spectrum of δU) on the range of the couplings, α.
The continuous line corresponds to a perturbative calcu-
lation that we will discuss now in the following section.
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4 Weak pinning

In the weak pinning regime it is possible to perform a per-
turbative calculation. The instability problem consists of
the diagonalization of a random dynamical matrix, and
the perturbative calculation is analogous to that used in
quantum mechanics [40]. In order to perform the perturba-
tive calculation (see Appendix A) we separate the average
contribution to the dynamical matrix A and the fluctuat-
ing contribution due to disorder. This method is justified
in the weak pinning case by the fact that the front ad-
vances mainly as a whole. (It is quite different from the
perturbative calculation performed in [24] where the off-
diagonal elastic terms of A are used as perturbative pa-
rameter.) Here, the small parameter of the perturbation is
the variance W of the disorder terms (in agreement with
the condition G � Gc). The dynamical matrix A is sep-
arated into an average part A0 (Eq. (23)) and a diagonal
part A1 (Eq. (24)) containing all of the Xi,

Xi ≡ V ′′
p (x0

i ) − 〈V ′′
p 〉 (15)

in the diagonal. The eigenvector uo(x) corresponding to
the smallest eigenvalue of A0 is well known: it corresponds
to the translational invariance of A0, u0(xi) ≡ u, with the
eigenvalue

ηω0 = 〈V ′′
p 〉 + Kext.

The perturbative calculation allows us to easily obtain the
first corrections to the eigenvector and the eigenvalue. At
first order, we obtain the correction to the eigenvector via
the equation

G
∫ L

d

dx′ u1(x) − u1(x′)
|x − x′|α = u

(〈V ′′
p 〉 − V ′′

p (x)
)

(16)

which can be solved in the Fourier space (with periodic
boundary conditions)

ũ1(q) =
−u

4G
Ṽ ′′

p (q)q1−α∫ qL

qd
dv sin2(v/2)/vα

. (17)

This result allows us (Appendix. A.2) to compute the
roughness exponent of δU(x). In the case of a uncorrelated
disorder of zero mean, with

〈
V ′′

p (x)V ′′
p (x′)

〉
= W 2δ(x−x′),

we get

ζ = (2α − 3)/2 for 1 < α < 3
ζ = −0.5 when α < 1

and ζ = 1.5 when 3 < α. (18)

This estimate is shown in Figure 8. It is in very good
agreement with the results of the numerical simulations.
It is also in agreement with the calculation of Larkin
et al. [22,25], as equation (16) is indeed an equilibrium
equation relating the elastic forces to a linear approxi-
mation of pinning forces. Note however that in our case,
there is no correlation length at all along the front in
the weak pinning regime. In order to compare the Larkin
criterion of multistability and the criterion of instability

given in equation (11), we need to compute the relaxation
time 1/ω.

The calculation of the eigenvalue ω needs a second
order calculation (Appendix A.3). At the second order we
get

ω = ω0 + ω2 (19)

with

〈ω2〉=
〈
−1
ηG

∫ +∞

0

dq

4π

L|Ṽ ′′
p (q)|2q1−α∫ qL

qd
dv sin2(v/2)/vα

〉
∝ −W

ηG
f(N)

(20)
where the brackets indicate average over disorder. The in-
stability criterion which corresponds to ω < 0 is always
favoured by the second order term (since ω2 < 0). It means
that the disorder is always in favor of instability. More-
over, we can study the size dependence of 〈ω2〉 through the
function f(N) in equation (20). This is done numerically
in Figure 9 for various couplings α. In each case, we see
a very good agreement with the perturbative calculation
(for more details see Appendix A.3). Note that the size de-
pendence of 〈ω2〉 has not the same consequences when the
couplings are short range, or long range. For long range
couplings (α ≤ 1), the average absolute value |ω2|(N) de-
creases: the system is stabilized when its size increases. For
short range couplings on the contrary (α > 1), |ω2|(N) in-
creases, leading to systems that become unstable at large
sizes. This is the case of wetting for example. In this case,
collective effects may be responsible for the destabiliza-
tion of the contact line at large scales (L > Ls), even if
the system is locally monostable. This is qualitatively in
agreement with the collective instabilities mentioned in
references [22–25]. Note however that in our case the in-
stability criterion (ω < 0) does not give the same scaling
as the Larkin criterion 〈u2〉1/2 ≥ a, and is neither related
to any correlation length along the front.

5 Conclusion

The linear stability analysis of our system is a way to show
the change from the weak to the strong pinning regimes.
It immediately generalizes to a deformable line with many
defects, the well known mean-field criterion of multistabil-
ity which is valid only for a very rigid system or in a sin-
gle defect approximation [18,19,22,23]. Moreover, a small
disorder perturbative calculation completes our study in
the weak pinning regime. Our approach allows thus to un-
derline precisely the role of disorder. There are analogies
between the “weak to strong pinning” transition shown
here and the well known localization transition in one di-
mension [38,39]. However, our systematic numerical study
allows us to point out the role of the size of the system,
and the role of the long range of elastic couplings. This
has never been shown before.

We have shown for example (Sects. 3–4) that systems
with long-range interactions (α ≤ 1) have a qualitatively
different behaviour than systems with shorter range in-
teractions (α > 1). When the interactions are long-range
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(a)

(b)

(c)

(d)

Fig. 9. |ω2| as a function of the system size for α = 0, 1 (a)
α = 1.25, 1.5, 1.75 (b) α = 2 (c) α = 2.25, 2.5, 2.75, 3, nearest
neighbour couplings, in the weak pinning regime. Dashed lines
correspond to the theoretical estimate discussed in the text.

(α ≤ 1), the large scale behaviour of the system belongs
to the weak pinning regime, and large size systems are
more stable. In contrast, when the interactions are short-
range (α > 1), the large scale behaviour of the system
belongs to the strong pinning regime, and large size sys-
tems may display collective instabilities (Sect. 4). This can
be qualitatively understood by the fact that elastic energy
dominates at large scales when α ≤ 1, but pinning energy
dominates at large scales when α > 1.

For a given disorder W and a given surface tension γ,
we have shown (see Sect. 3) the existence of a critical
length Lt separating a weak pinning regime and a strong
pinning regime. Conversely, for a given system size, it is
possible to define a critical dimensionless “surface tension
to disorder” ratio, Gc, below which the system is strongly
pinned, and above which it is weakly pinned. However,
the determination of Gc and its error bar depends on the
system size, and it may be difficult to get a priori an ex-
perimental value for Gc. We have shown in this paper
another way to characterize the change from the strong
pinning regime to the weak pinning regime. Experimen-
tally, it is easier to characterize each regime by the relax-
ational behaviour of a line to its equilibrium position. We
have shown in this paper, that when the system is strongly
pinned, its velocity field is correlated over a length Lc ∝ G.
In contrast, when the front is weakly pinned, it advances
as a whole. In this case, there is no characteristic length
along the front but the power spectrum allows one to mea-
sure a roughness exponent whose value is in agreement
with the perturbative calculation (ζ ≈ (2α − 3)/2).

The weak pinning regime is equivalent to the regime
studied by Larkin et al. [22]. In this case, the roughness
exponent ζ characterizing the relaxation process is the
same as the roughness exponent characterizing the equi-
librium position of an initially flat line [13,22]. However, in
our case, there is no characteristic length along the front
in the weak pinning regime. Moreover, the Larkin crite-
rion of multistability 〈u2〉1/2 ∝ a (where a is the typical
size of a defect) do not yield the same scaling as our sec-
ond order computation of the relaxation time. The last
one is directly related to the stability of the system. At
this stage, the Larkin criterion thus seems to be artificially
constructed and may call for more thorough study.

In the strong pinning regime, we have shown the ex-
istence of a correlation length Lc in the relaxation mode
of the front. We could ask whether this length Lc is anal-
ogous to the length Lt below which the system is weakly
pinned. In case of wetting (with α = 2), both lengths co-
incide (Lc ≈ Lt ∝ G). In this particular case, the motion
of the system could thus be described as weakly pinned
blocks of size Lc. In other cases, the scalings of Lc(G)
and Lt(G) are different. However, we do not know how
the correlation length Lc evolves when the system reaches
its quasistatic stationary state. Further numerical work is
now in progress to answer this question.

Let us note finally that the roughness exponent found
in the weak pinning regime (ζ = 0.5 in case of wetting)
is larger than those reported in references [18,19,31] in
the strong pinning regime (ζ ≈ 0.33). The latter has
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A ≡




Kext + V ′′
p (ueq(x1)) + g12 + ... + g1N −gij

. . .

−gij Kext + V ′′
p (ueq(xi)) + gN1 + ... + gNN−1




A0 =




Kext + 〈V ′′
p 〉 + g12 + ... + g1N −gij

. . .

−gij Kext + 〈V ′′
p 〉 + gN1 + ... + gNN−1


 (23)

been obtained within numerical simulations or one-loop
renormalisation. The former is closer to experimental re-
sults [1,2,9]. Two-loop renormalisation [16] on the same
system gives a roughness exponent closer to the weak pin-
ning regime.

In both the weak and the strong pinning regimes, tem-
perature could play a crucial role in the choice of an equi-
librium state and thus on the morphology of the front
in a stationary state. This has already been mentioned
by Chudnovsky et al. [41], who have studied the depen-
dence of the equilibrium state on the damping rate. This
could explain the origin of the characteristic length ob-
tained along the front by Hazareesing et al. [20] (using
statistical averages) and by Bocquet et al. [27] (by molec-
ular dynamics, at very small but non zero temperature).
The relationship between this length and the length Lt

is still unclear. Another natural way to extend our study
would be to focus not only on the most unstable mode,
but on all the relaxation modes and on their density. Due
to the superposition of the relaxation modes, the system
could display a characteristic length at zero temperature,
even in the weak pinning regime. This should also clarify
how the phase space is explored during the deterministic
motion of the system. Finally, our work allows one to de-
fine precisely a weak and a strong pinning regime and the
transition between them. The study of the motion of the
system beyond instability should now provide interesting
results on the stationary state and on the associated dis-
sipated energy, in both pinning regimes.

We are thankful to J. Crassous, P. LeDoussal, E. Rolley, S.
Roux for very useful discussions.

Appendix A: Perturbative theory

A.0. In this appendix, we show how to solve the linear
equation

AδU(x) = ηωδU(x) (21)

using a small disorder perturbation theory, in a system
with periodic boundary conditions. In our model,

see equation above

gij is the long range elastic stiffness, with periodic bound-
ary conditions

gij ≡ Gd

|xi − xj |α +
Gd

|xi − xj − L|α (22)

A is split into two parts

A = A0 + A1

with the zeroth order, average part

see equation (23) above

and the first order, random diagonal part

A1 =




V ′′
p (ueq(x1)) − 〈V ′′

p 〉 0
. . .

0 V ′′
p (ueq(xN )) − 〈V ′′

p 〉


 .

(24)
Here,

〈
V ′′

p

〉 ≡ ∫ L

0 dx/LV ′′
p (x) is the average pinning.

The perturbation theory consists in expanding the lin-
ear equation (21) at successive orders

(A0 + A1)(u0 + u1 + u2 + · · · ) =
η(ω0 + ω1 + ω2 + · · · )(u0 + u1 + u2 + · · · )

and comparing each term order by order.

A.1. We get, at zero order, A0u0 = ηω0u0 with

u0 ∝ u.

∣∣∣∣∣∣∣∣∣∣∣

1
1
.
.
.
1

∣∣∣∣∣∣∣∣∣∣∣
, and ω0 = Kext + 〈V ′′

p 〉.

A.2. The first order calculation provides the roughness
exponent of the front. Multiplying

A0u1 + A1u0 = η(ω0u1 + ω1u0)

by tu0, and using Riemann summation, we get

ω1 =
tu0A1u0

tu0u0

≈
∫ L

d dx
(
V ′′

p (x) − 〈
V ′′

p

〉)
∫ L

d dx
= 0. (25)
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The remaining equation ((A0 − ηω0)u1 = −A1u0) yields,
for each site x:

G
∫ L

|x−x′|≥d

dx′ (u1(x) − u1(x′))

×
(

1
|x − x′|α +

1
(L − |x − x′|)α

)
=(〈

V ′′
p

〉 − V ′′
p (x)

)
u (26)

which can be solved using the following Fourier Transform:

ũ(q) ≡
∫ L

0

dx

L
u(x)e−iq.x

and u(x) =
∫ +∞

0

dqL

2π
ũ(q)e+iq.x.

The Fourier Transform of (26) yields

ũ1(q) =

(
Ṽ ′′(0) − Ṽ ′′(q)

)
u

2Gqα−1
∫ q.L

q.d
dv 1−cos v

vα

(27)

because

∫ L

|x−x′|≥d

dx′
(
1 − eiq.(x−x′)

)

×
(

1
|x − x′|α +

1
(L − |x − x′|)α

)
=

2
∫ L

r=d

dr
1 − cos(qr)

rα
. (28)

In case of a uncorrelated disorder,

〈(
V ′′

p (x) − 〈
V ′′

p

〉) (
V ′′

p (x′) − 〈
V ′′

p

〉)〉
=

W 2δ(x − x′) =⇒
〈∣∣∣Ṽ ′′(q) − Ṽ ′′(0)

∣∣∣2〉 =
d

L
W 2, (29)

and using the approximation

1 − cos v = 2 sin2
(v

2

)
≈ v2

2
if

v

2

 1 and ≈ 1 elsewhere,

(30)
we get from (27) the average Fourier coefficients of the
first order displacement field:

< |ũ1(q)|2 > ∝ u2W 2

G2

d

L
(qd)2−2α ∝ q−1−2ζ 1 < α < 3

∝ u2W 2

G2

(
L

d

)2α−3

α < 1 ζ = −0.5

∝ u2W 2

G2

d

L
(qd)−4

α > 3 ζ = 1.5

with logarithmic corrections when α = 1 and α = 3. For
1 < α < 3, the roughness exponent ζ = (2α − 3)/2.

A.3. The second order calculation allows one to

compute the second order correction to the relaxation
time.

From

A0u2 + A1u1 = η(ω0u2 + ω1u1 + ω2u0)

multiplied by tu0, with equation (25), we get

ηω2 =
tu0A1u1

tu0u0
.

Using equation (27) we get

ηω2 = − 1
2G

∫ +∞

0

dq

2π

q1−α
∣∣∣Ṽ ′′(q) − Ṽ ′′(0)

∣∣∣2∫ qL

qd
dv 1−cos v

vα

.

Thus finally, with the approximation (30) and in case of
decorrelated disorder (29) we get the average value

〈ω2〉 ∝ −W 2

ηG
1 − α

2
Lα−1 for α < 1

〈ω2〉 ∝ −W 2

ηG
(3 − α)(α − 1)(2π)1−α

22−α(1 + α)(2 − α)
dα−1 for 1 < α < 2

〈ω2〉 ∝ −W 2

ηG
(3 − α)(α − 1)(2π)1−α

22−α(1 + α)(α − 2)
dLα−2 for 2 < α < 3

〈ω2〉 ∝ −W 2

ηG
2(α − 3)

8π2
dα−2L for 3 < α.

(31)
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